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High-altitude, long-endurance (HALE) aircraft are highly flexible, requiring nonlinear aeroelastic analysis.

NATASHA (Nonlinear Aeroelastic Trim and Stability of HALE Aircraft) is a computer program developed to

analyze the aeroelastic behavior of HALE aircraft. The underlying formulation is based on the published

geometrically exact, fully intrinsic beam equations. This paper presents a wide range of results from NATASHA,

comparing them with well-known solutions of beam stability and vibration problems, experimental data, or results

fromwell-established computer codes. Despite the simplicity of the underlying formulation, results obtained confirm

the accuracy of the analysis and its suitability for conceptual and preliminary design of HALE aircraft.

Nomenclature

a = deformed beam aerodynamic frame of reference
B = deformed beam cross-sectional frame of reference
Bi = unit vectors of deformed beam cross-sectional frame

of reference �i� 1; 2; 3�
b = undeformed beam cross-sectional frame of reference
bi = unit vectors in undeformed beam cross-sectional

frame of reference �i� 1; 2; 3�
c = chord
cl� = lift coefficient with respect to angle of attack �
cm� = pitch moment coefficient with respect to flap

deflection �
cl� = lift coefficient with respect to flap deflection �
e = offset of aerodynamic center from the origin of frame

of reference along b2

e1 = column matrix b 1 0 0 cT
F = column matrix of internal force measures in Bi basis
f = column matrix of distributed applied force measures

in Bi basis
H = column matrix of cross-sectional angular momentum

measures in Bi basis
i = inertial frame of reference
ii = unit vectors for inertial frame of reference �i� 1; 2; 3�
I = cross-sectional inertia matrix
K = column matrix of deformed beam curvature and twist

measures in Bi basis
k = column matrix of undeformed beam initial curvature

and twist measures in bi basis
M = column matrix of internal moment measures in Bi

basis

m = column matrix of distributed applied moment
measures in Bi basis

P = column matrix of cross-sectional linear momentum
measures in Bi basis

r = column matrix of position vector measures in bi basis
u = column matrix of displacement vector measures in bi

basis
V = column matrix of velocity measures in Bi basis
x1 = axial coordinate of beam
� = trailing-edge flap angle
� = column matrix of 1-D generalized force strain

measures
� = identity matrix
� = column matrix of elastic twist and curvature measures

(1-D generalized moment strain measures)
�0 = induced-flow velocity
� = mass per unit length
� = column matrix of center of mass offset from the frame

of reference origin in bi basis
 = column matrix of small incremental rotations
� = column matrix of cross-sectional angular velocity

measures in Bi basis
_ = partial derivative respect to time

Superscript

0 = partial derivative with respect to x1

I. Introduction

OVER the past decade, attention has turned to high-altitude,
long-endurance (HALE) aircraft for a variety of applications.

HALE aircraft typically have very flexible high-aspect-ratio wings.
Therefore, wing deformation may be large during flight for this type
of aircraft, and so linear theory generally predicts incorrect aero-
elastic behavior. Accurate prediction of the aircraft response requires
using nonlinear models for both structure and aerodynamics. Several
published works by Patil et al. [1–3] treat various aspects of the
aeroelasticity of high-aspect-ratio wings: in particular, showing the
importance of including nonlinearities. To provide conceptual and
preliminary design capability for highly flexible aircraft, develop-
mentwas initiated on at least two nonlinear analyses, one by Patil and
Hodges [4] and the other by Shearer and Cesnik [5]. The present
paper focuses on validation of the former, i.e., the computer program
NATASHA (Nonlinear Aeroelastic Trim and Stability of HALE
Aircraft). It is hoped that other researchers can use the results
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presented herein as benchmarks for their own codes. Finally, the
present paper intends to illustrate the capabilities and versatility of
the fully intrinsic formulation.

NATASHA is a nonlinear analysis based on applying the fully
intrinsic beam formulation [6] along with 2-D aerodynamics and the
finite state induced-flow model of Peters et al. [7] to analyze aero-
elastic characteristics of flying wings [4]. The fully intrinsic beam
equations are geometrically exact and have neither displacement nor
rotation variables. They have no singularities associated with finite
rotation variables and the maximum degree of nonlinearity is
quadratic. Since the first version of NATASHA, its capability has
been extended and improved. NATASHA can provide trim and
stability analyses for flying wings as well as conventional wing–
fuselage–tail configurations. Moreover, methodology has now been
developed for statically indeterminate configurations, such as a
joined-wing aircraft. NATASHAalso has the capability of simulating
a ground vibration test (GVT), providing the static equilibrium state
as well as natural frequencies and mode shapes about that static
equilibrium state. Note, however, that the GVT simulation and
joined-wing analysis capability is not yet fully integrated into the
most recent version of NATASHA, version 3.1. The gust response
analysis of NATASHA is still undergoing validation. Publishedwork
on the theoretical developments can be found in [4,8–11].

Although this paper is mostly dedicated to validation of
NATASHA, the governing equations and methodology are briefly
reviewed in the second section. Awide range of results obtained from
NATASHAare comparedwith those fromwell-knownbeamstability
and vibration problems, published experimental data and results
obtained from another computer code. For cases without available
experimental results, NATASHA results are compared with those of
RCAS (Rotorcraft Comprehensive Analysis System) [12]. RCAS is
a well-validated, complex, general-purpose, comprehensive rotor-
craft code with significant overhead, requiring of new users a
significant investment of time. Since it is primarily a rotorcraft code,
working with it requires some knowledge of rotorcraft, which is not
necessary for analyses devoted to fixed-wing aircraft.

II. Fully Intrinsic Equations

A. Frames of Reference

The following frames of reference are used in NATASHA:
1) The inertial frame of reference is i. The unit vector i3 is in the

opposite direction of gravity.
2) The undeformed beam frame of reference is b. The unit vector

b1 is tangent to the beam reference line; b2 and b3 are unit vectors
along the cross-sectional axes in which the cross-sectional stiffness
and inertia matrices are calculated. The unit vector b2 points
nominally toward the front of the airplane.

3) The deformed beam cross-sectional frame of reference is B.
4) The aerodynamic frame of reference is a. Aerodynamic lift and

moment are defined in this frame; a1 � b1, a2 is parallel to the zero-
lift line, and a3 � a1 � a2 is perpendicular to it.

B. Governing Equations

The fully intrinsic equations can be written as six partial
differential equations of motion, six kinematical partial differential
equations, six algebraic structural constitutive equations and six
algebraic inertial constitutive equations. In each case, because they
are written in matrix form, they are shown as two matrix equations.
The equations of motion are

F0B � ~KBFB � fB � _PB � ~�BPB

M0B � ~KBMB � � ~e1 � ~��FB �mB � _HB � ~�BHB � ~VBPB (1)

where the generalized strains and velocities are related to stress
resultants and moments by the structural constitutive equations

n
�
�

o
� R S

ST T

� ��
FB
MB

�
(2)

and the inertial constitutive equations:

�
PB
HB

�
� �� �� ~�

� ~� I

� ��
VB
�B

�
(3)

Finally, the strain- and velocity-displacement equations were used
to derive the intrinsic kinematical partial differential equations [6],
which are given as

V 0B � ~KBVB � � ~e1 � ~���B � _� �0B � ~KB�B � _� (4)

In this set of equations, FB and MB are column matrices of cross-
sectional stress and moment resultant measures in the B frame,
respectively; VB and �B are column matrices of cross-sectional
frame velocity and angular velocity measures in the B frame,
respectively;PB andHB are columnmatrices of cross-sectional linear
and angular momentum measures in the B frame, respectively; R, S,
and T are 3 � 3 partitions of the cross-sectional flexibility matrix;�
is the 3 � 3 identity matrix; I is the 3 � 3 cross-sectional inertia
matrix; � is b 0 �2 �3 cT with �2 and �3 the position coordinates of
the cross-sectional mass center with respect to the reference line;� is
the mass per unit length; the tilde denotes the antisymmetric 3 � 3
matrix associated with the column matrix over which the tilde is
placed; a dot denotes the partial derivative with respect to time; and
prime denotes the partial derivative with respect to the coordinate
along the beam axis, x1. More details about these equations can be
found in [13].

This is a complete set of first-order partial differential equations.
To solve this complete set of equations, one may eliminate � and �
using Eq. (2) and PB and HB using Eq. (3). Then 12 boundary
conditions are needed, in terms of forceFB, momentMB, velocityVB,
and angular velocity �B.

If needed, position and orientation can be calculated as a
postprocessing operation by integrating

r0i � Cibe1 �ri � ui�0 � CiB�e1 � �� (5)

and

�Cbi�0 � � ~kCbi �CBi�0 � �� ~k� ~��CBi (6)

C. Solution Procedure in NATASHA

The dependence of the equations on x1 is removed from the partial
differential equations by use of spatial central differencing. Next, the
resulting nonlinear ordinary differential equations are linearized
about a static equilibrium state. The equilibrium state is governed by
nonlinear algebraic equations, which NATASHA solves in obtaining
the steady-state trim solution. For statically determinate structures
(such as flying-wing or conventional aircraft configurations) this
system of nonlinear algebraic equations is solved using the Newton–
Raphson procedure. However, for statically indeterminate structures
(such as a joined-wing aircraft configuration), the fully intrinsic
equations are not sufficient. To get around this NATASHA uses an
incremental version of the equations governing the static equilibrium
[11]. The incremental method solves sequential sets of linear
equations in which the loading is increased in small steps. The fully
intrinsic equations, when linearized about the resulting trim state,
lead to a standard eigenvalue problem. This part of the solution
procedure is the same for statically determinate or indeterminate
structures. It should be noted that NATASHA also has the capability
to do time-marching solutions and uses the fully intrinsic equations
to determine them.

III. Results From Validation Studies

Three types of validation are considered in this paper. First,
NATASHA is exercised to obtain results for a variety of classical
problems, including problems in vibration, buckling and aeroelas-
ticity. Second, validation against a very limited set of experimental
data is included. Finally, results from NATASHA are compared with
those obtained from a conventional aircraft configuration modeled
using the well-established computer program RCAS [12].
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A. Validation for Classical Problems

Table 1 shows general structural properties used for the beam
stability and vibration examples; SI units are used for all properties
and results. Table 2 shows the results fromNATASHA for a variety of
such problems, including Euler buckling of a cantilevered beam (see
page 88 of [14]); lateral-torsional buckling of a cantilevered beam
(see page 265 of [15]); flutter load for the Beck problem, a
cantilevered beam under compressive axial follower force (see page
306 of [15]); lateral-torsionalflutter load for a lateral follower force at
the tip of a cantilevered beam [16]; flutter thrust for a free–free beam
under compressive axial follower force, close approximations in the
literature being [17,18]; and aeroelastic divergence and reversal for a
cantilevered wing [19]. For reversal and divergence calculations, the
aerodynamic model is a steady-flow, strip theory [19].

Note that control reversal may be defined differently, depending
on the application. For example, a control reversal speed for a
cantilevered wing may be defined as the speed at which the total lift
changes sign. This is equivalent to the speed at which the shear force
at the root of the beam vanishes if one ignores all applied forces other
than lift. Thus, onefinds the speed atwhich the total lift [19] vanishes,
viz., Z

L

0

cq�cl��� cl���x1�� dx1 � 0 (7)

where q is the dynamic pressure. Alternatively, one may also define
reversal as occurring when the out-of-plane bending moment at the
root of the wing changes sign, so thatZ

L

0

cqx1�cl��� cl���x1�� dx1 � 0 (8)

Moment and shear force are direct output of the fully intrinsic
equations; therefore, finding reversal speed by studying the moment
and shear force at the root is more direct via the fully intrinsic
equations than using a displacement approach.

In addition, flutter results were obtained for the Goland wing,
properties of which are available in [20]. For aeroelastic flutter
analysis, NATASHA uses a strip theory aerodynamic model with the
2-D induced-flow model of Peters et al. [4,7] plus the apparent mass
terms. Flutter analysis was performed for the Goland wing [20]
using NATASHA with 20 elements. NATASHA results are V�
451 ft= sec and flutter frequency of 70:1 rad= sec, whereas exact

results are V � 450 ft= sec with flutter frequency equal to
70:7 rad= sec. Note that results from the mixed formulation of [21]
are V � 445 ft= sec and flutter frequency of 70:2 rad= sec.

Natural frequencies of both nonrotating and rotating beams in a
vacuum can be calculated as accurately as one pleases. For example,
Fig. 1 shows the first three out-of-plane (i.e., flap) bending natural
frequencies of a clamped–free rotating beam. These results for

nondimensional frequencies !
������������������
mL4=EI

p
are essentially the same as

those of [22].

B. Validation Against Experimental Results

1 Validation Against Princeton Beam Experiments

The Princeton beam experiments [23] have been used for decades
as a benchmark for validations of nonlinear beam theories.
NATASHA has been used to regenerate all the results presented in
[24]. Both the mixed formulation [24] and the fully intrinsic
equations used in NATASHA are geometrically exact. As expected,
all the present results are essentially the same as those presented in
[24] excepting very small numerical differences caused by differing
solution methods. Therefore, only a small subset of these results are
presented here. Figures 2 and 3 show the out-of-plane and in-plane
tip deflections, respectively, versus setting angle for different applied
tip forces. Figure 4 shows results for the lowest bending frequency
from the Princeton beam experiments and from NATASHA versus
the applied force P for a zero setting angle (�� 0). The value of P at
which the frequency is equal to zero is the lateral-torsional buckling
load for this beam, as corrected for prebuckling deflection [25]. The
Princeton beam results show that the fully intrinsic equations of
NATASHA are capable of accurately capturing geometrically
nonlinear effects.

Generally, NATASHA needs more elements than displacement-
based programs such as DYMORE [26]. However, NATASHA
involves only the simplest possible elements and nonlinearities no
higher than second degree. Despite being based on simple and
inexpensive elements, the NATASHA formulation is capable of
capturing nonlinearities with accuracy comparable to that of a
geometrically exact mixed formulation.

Table 1 Beam properties for classical validations (SI units)

Length 16
Torsional stiffness 104

Out-of-plane bending stiffness 2 � 104

In-plane bending stiffness 4 � 106

Mass per unit length 0.75
Mass polar moment of inertia per unit length 0.1
Chord c 1
Offset of aerodynamic center from elastic axis e 0.25
Lift-curve slope cl� 2	
Lift-curve derivative with respect to flap angle cl� 3.7
Moment-curve derivative with respect to flap angle cm� �0:5

Table 2 Results obtained for classical validations (SI units)

Problem Exact solution NATASHA results No. of elements

Euler buckling 192.766 192.843 32
Lateral-torsional buckling 222.577 222.769 32
Beck flutter load 1566.48 1575.04 32
Beck flutter frequency 7.027 7.058 32
Lateral-torsional flutter thrust 334.57 335.06 32
Free-free beam flutter thrust 8568.8 8654.7 40
Divergence 37.1539 37.2737 8
Reversal (zero root shear) 24.902 24.917 16
Reversal (zero root bending moment) 23.29 23.31 16
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beam; lines are NATASHA’s results and symbols are from [22].
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2 Validation of NATASHA for Joined-Wing Aircraft

The incremental method as applied to the fully intrinsic equations
is validated by comparing its results with those from the Newton–
Raphson solution of the mixed-formulation equations [27] and with
experimental data [28]. Figure 5 shows top and front views of the test
structure. The details of structural properties and loading can be
found in [27,28].

Figure 6 shows the joint deflection versus tip load. Results
obtained from the incremental method are in excellent agreement
with those from the mixed formulation. Neither formulation
perfectly matches the experimental data after a certain point because
of yielding of the joint [27]. Figure 7 shows the tip deflection of the
same structure under varying tip load for the incremental method, the
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Fig. 2 NATASHA results (lines) vs Princeton beam experiments
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0 15 30 45 60 75 90
0

0.2

0.4

0.6

0.8

1

Setting angle, deg

In
pl

an
e 

be
nd

in
g 

de
fl

ec
tio

n,
 in

P=3

P=2

P=1

Fig. 3 NATASHA results (lines) vs Princeton beam experiments
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Fig. 5 Joined-wing configuration.
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mixed formulation, and experimental results. Figure 8 shows the out-
of-plane bending deflection of the main wing of the same structure
under a constant load distribution [27]. The mixed formulation and
incremental method are in excellent agreement with each other and
are both close to the experimental results.

C. Validation of NATASHA Using RCAS

In this study RCAS results are used as a benchmark to validate
NATASHA. RCAS [12] is a comprehensive rotorcraft analysis code,
developed by the Army Aeroflightdynamics Directorate at NASA
Ames Research Center and Advanced Rotorcraft Technology, Inc.,
to provide an interdisciplinary, comprehensive analysis tool for
rotorcraft analysis and design. RCAS uses a finite element approach,
and it has several available aerodynamic models from which to
choose.

1. Description of Models

Figure 9 shows the twomodels that are used in this study. Figure 9a
is a flying-wing configuration. The trim variables are the magnitude
of thrust, the angle of attack and a spanwise constant flap deflection.
Figure 9b shows a conventional aircraft configuration with fuselage,
wing, and horizontal tail. Structural properties for the flying-wing
configuration are given in Table 3, and those for the conventional
aircraft are taken from [10]; the payload for both models is simulated
by a point mass at midspan.

There are important differences between the two models, the two
solution procedures and the two codes:

1) RCAS was developed primarily for rotorcraft analysis and
NATASHAwas developed primarily for HALE aircraft analysis. In

NATASHA, flap deflection and thrust magnitude are free variables
used to determine the trim state. Since RCAS was designed to be a
rotorcraft code, however, the rotor angular speed is a specified
parameter and therefore not available as a free variable to determine
the trim state. In results presented herein the trim state in RCAS is
computed using a specified angular speed derived from the
NATASHA trim state.

2) There are also differences between the aerodynamic models in
NATASHA and RCAS. With respect to flap deflections, NATASHA
uses linear relations between the aerodynamic loads and flap
defections in terms of lift and moment coefficients. On the other
hand, RCAS uses the Theordorsen airfoil/elevon theory, which
evaluates lift and moment deficiency functions from elevon
deflection. First, the deficiency coefficients in RCAS are chosen
arbitrarily to make the angle of attack without payload case matches
closely to the result of NATASHA. Then the angle of attack is fixed
for other payload cases to see if at least the results are consistent
through the whole simulation.

3) There are also some small differences in the structural models.
The body and tail in conventional aircraft configurations aremodeled
as very stiff beams in NATASHA, but they are rigid bodies in RCAS.

4) Finally, some differences are inevitable due to limitations of
NATASHA’s control systemmodel. These and other differences may
lead to disparities between the results obtained from NATASHA and
those obtained from RCAS, especially for the conventional aircraft
configuration. In spite of all these differences between the models
and solution procedures, all results from NATASHA show the right
trends, and NATASHA’s relative errors only become significant for
quantities that are very small in magnitude.

2. Results from NATASHA and RCAS

In this section, results for trim condition and natural frequencies
for two different configurations from NATASHA and RCAS are
presented in Figs. 10–19. Although NATASHA’s results agree well

Fig. 9 Sample configurations to validate NATASHA.

Table 3 Beam properties for RCAS validations

of flying-wing configuration (Fig. 9a)

Elastic axis (reference line) 25% chord
Torsional stiffness 0:4 � 106 lb-ft2

Out-of-plane bending stiffness 2:5 � 106 lb-ft2

In-plane bending stiffness 30 � 106 lb-ft2

Mass per unit length 0:1863 slug=ft
Center of gravity 25% chord
Sectional centroidal mass moments of inertia:
About the x1 axis (torsional) 30 slug-ft
About the x2 axis 5 slug-ft
About the x3 axis 25 slug-ft
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Fig. 10 Frequencies of flying wing for NATASHA vs RCAS. Both
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Both RCAS and NATASHA results are in rad=s.
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with those of RCAS, the results are not identical because of
differences between the two codes and their respective models.

Figures 10 and 11 show, respectively, the first several natural
frequencies in a vacuum for a flying-wing configuration and for a
conventional configuration from NATASHA and RCAS. The
agreement between the codes is excellent for the flying-wing
configuration, but the agreement for the conventional configuration
is not as good. Although the actual reasons are unknown to the
authors, this discrepancy is quite possibly because RCASmodels the
body and tail as rigid bodies, whereas NATASHA models them as
beams, albeit with relatively large bending and torsional stiffnesses.

This discrepancy in natural frequencies for the conventional
configuration does not have any deleterious effect on the aeroelastic
results, which show NATASHA and RCAS in very good agreement.
Figures 12 and 13 show the change of angle of attack at trim versus
the mass of the payload at midspan for both flying-wing and
conventional aircraft configurations. Figures 14 and 15 show the
change of thrust for steady, level flight of flying-wing and
conventional aircraft configurations versus themass of the payload at
midspan. Results agree for the flyingwing somewhat better than they
do for the conventional aircraft configuration, but in both cases the
trends are captured accurately by NATASHA.

The next set of results is for the distributions of shear force and
bending moment for both flying-wing and conventional aircraft
configurations. Figures 16 and 17 show the distributions of shear
force and moment along thewing span in a flying wing, expressed in
the deformed beam reference frame at each node. Note that for this
test case themidspanmass is 9 kg, and the axial forceF1 and twisting
moment M1 are both zero. Results from NATASHA and RCAS are
essentially identical for this case. Figures 18 and 19 show the
distributions of shear force and bending moment for conventional
aircraft with zero midspan mass. These results agree well, though
there are some relatively small discrepancies. These are most likely
caused by differences in the way trim variables are set and in the
aerodynamic models used for elevator in the tail.
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Overall, the results show the trends for predicted behavior of the
system versus any of the parameters are essentially the samewhether
predicted by NATASHA or by RCAS. Therefore, NATASHA can be
used with confidence for conceptual and preliminary design of
HALE aircraft.

IV. Conclusions

NATASHA can perform a nonlinear aeroelastic analysis of the
trim and stability of HALE aircraft, along with visualization.
Because it is important for any analysis tool to be extensively
validated, this paper contains many validation results for nonlinear
structural analysis, structural dynamics, and aeroelasticity. In
particular, the accuracy of results obtained from NATASHA, as
compared to those from beam stability problems and experimental
data, is excellent. Moreover, results obtained from NATASHA agree
quite well with those of more sophisticated analysis tools such as
RCAS. It is concluded thatNATASHAcan be a useful tool, providing
acceptable accuracy for conceptual and preliminary design of HALE
aircraft. It is recommended that additional validation studies be
conducted by comparison of results with those of [5].
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